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The dynamics of order director fluctuations of a nematic liquid crystal confined to microcavities is
studied within the Frank elastic theory. For cylindrical capillary and rectangular model cavities, con-
strained in one, two, and three spatial dimensions, mutually perpendicular components of fluctuations
are expanded in terms of eigenfunctions of the Landau-Khalatnikov type relaxation equation. The cal-
culated dispersion of the director fluctuations’ spin-lattice relaxation rates exhibits weak dependence on
the nematic structure and the confining geometry, unless the size of the cavity is close to the critical
value at which the structural transition is expected. In the latter case, the low-frequency behavior of the
relaxation rate is dominated by the slowest fluctuations’ modes. On the other hand, the angular depen-
dence of the relaxation rate is sensitive to details of the nematic structure in the cavity in the whole fre-

quency range.

PACS number(s): 61.30.Cz, 76.90.+d

I. INTRODUCTION

It has been known for over 25 years that order direc-
tor fluctuations are an important mechanism of nuclear
magnetic relaxation in nematic liquid crystals. In 1969,
Pincus [1] derived the well known dispersion relation be-
tween the spin-lattice relaxation rate 7; ! and Larmor
frequency v, Tl_1 «<y7"12 which was confirmed by
numerous measurements [2-6]. Introducing various
types of fluctuations’ spectra, the original Pincus model
was subsequently extended to include specific high- and
low-frequency behavior [7,8]: at low frequencies the
spin-lattice relaxation rate was found to be frequency in-
dependent, while at high frequencies 77! <v~2. In the
simplest case [7] the allowed wave vectors were assumed
to lie within a sphere whose radius was determined by the
length of a nematic molecule to account for the high-
frequency cutoff. Considering the anisotropy of the
medium, the sphere was replaced by the cylinder [9,10]
and by the rotational ellipsoid [11]. On the other hand,
the low-frequency plateau was taken into account by
leaving out the ultralong wavelength modes (which can-
not exceed the size of a uniformly oriented domain) so
that the integration volume in the reciprocal space was a
coreless sphere [12].

In recent years, considerable attention is paid to
confined liquid crystals in planar, spherical (polymer
dispersed liquid crystals) [13] and cylindrical geometry
(glassy capillaries, pores in Anopore and Nuclepore mem-
branes). Nuclear magnetic resonance proved to be a use-
ful technique when investigating structure, order, and
phase transitions in both bulk [14] and confined nematic
liquid crystals [15-23]. Motivated by the growing in-
terest in microconfined liquid crystals, we studied the
effect of spatial confinement on the order director fluctua-
tions and the corresponding nuclear magnetic relaxation.
The research focuses on two aspects of the topic: the
behavior in the vicinity of a structural transition and the
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effect of the dimensionality of confinement. The
confining geometries discussed in the paper are chosen in
order to allow a simple analysis of the two aspects.

In particular, the collective modes of a nematic liquid
crystal in a cylindrical cavity are examined; the
capillary’s surface is assumed to induce homeotropic
molecular anchoring. In such a case the equilibrium
director field configuration is described by one of the
three basic structures: planar radial, planar polar, and
escaped radial (Fig. 1) [24]. In this paper, only the
simplest—planar radial—configuration is considered.
This structure is stable in small cylinders [25], while at
larger radii the escaped radial configuration is expected.
The structural transition, which breaks the C_, symme-
try of the planar radial structure, is expected to take
place via a particular unstable eigenmode of the order
director fluctuations that enables a continuous transfor-
mation of the planar configuration to the escaped one
[26,27].

The influence of the dimensionality of confinement on

,

a b c

FIG. 1. Nematic structures in a capillary with strong homeo-
tropic anchoring (top and side cross sections): planar radial (a),
planar polar (b), and escaped radial (c). The defect lines are in-
dicated by the shadowed areas; the bars denote nematic direc-
tor.
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order director fluctuation spin-lattice relaxation rate is
studied using model systems constrained in three, two,
and one spatial dimension (Fig. 2). In the first case,
nematic liquid crystal is confined to a cube whose top and
bottom impose homeotropic anchoring of molecules
while on the other four sides planar anchoring is as-
sumed. The ordering is therefore uniform. Next, the
liquid crystal is put in an infinite waveguidelike cavity
with a square cross section (which throughout the paper
will be referred to as a waveguide). Again, the boundary
conditions are chosen so as to induce uniform transverse
orientation of the director. Finally, a nematic layer with
homeotropic anchoring is considered. While the former
two geometries are rather unnatural and have not been
studied so far, the layer is the most common confined sys-
tem.

Following the pioneering work of de Gennes and co-
workers [28,29], order director fluctuations are treated
within the Frank elastic theory of liquid crystals. To sim-
plify the calculus, one elastic constant approximation is
used, scalar order parameter is assumed to be spatially
uniform, backflow is neglected, and the nematic-surface
interaction is described by strong anchoring.

The disposition of the paper is as follows. In Sec. II
the frequency-dependent part of the spectral densities
constituting the order director fluctuations’ spin-lattice
relaxation rates is expressed as a finite sum over the fluc-
tuations’ eigenmodes and their orientation-dependent
parts are calculated. Dispersion and orientational depen-
dence of the relaxation rates are presented in Sec. III. In
Sec. IV the order director fluctuation spectra in confined
geometries are discussed. The results are summarized in
Sec. V.

II. THEORY

The spin-lattice relaxation rate of two like spin-1 nu-
clei with constant separation distance b and gyromagnet-
ic ratio y is [30,14]

2
1 _ 3y | Ho
T, 2756 o [Ji(0)+4J,20)], (1)

where o is the circular Larmor frequency of the nuclei
and J, (o) the spectral density of the correlation function

N

ATk

el

i T
g Ty
i A
iy i

b

s

FIG. 2. The three rectangular model systems: the cube (a) is
restricted in three dimensions, the waveguide (b) in two, and the
layer (c) in one.

Tnl@)= [© (F,0)Fs(1))e "t . @)

The brackets denote thermal average and F,(¢) are time-
dependent spherical harmonic functions of second order
that describe the orientation of the internuclear vector
with respect to the magnetic field,

Folt)=1/L(1—3cos%) ,
Fy(1)=1/3cos&sin(£)e’ (3)
Fy(t)= T%sinz(é‘)ez’f.

£=E(¢) and £=¢(¢) denote the polar and the azimuthal
angles of the internuclear vector, which is assumed to be
parallel to the long axis of the molecule.

The orientation of the internuclear vector changes due
to conformational changes of the molecular structure (ro-
tation of the functional groups) on the typical timescale
of 1072 s; rotation of the molecules about their long
axes, where the characteristic correlation time ~10710s;
fluctuations of the molecules’ long axes around the local
director whose correlation time is of the order 107 ° s
[31]; and somewhat slower thermal fluctuations of the
director with correlation time of order 10~ s [3]. There-
fore, below ~1 MHz the spin-lattice relaxation rate is
mainly related to order director fluctuations [3-5].

The correlation functions { F,(0)F}(¢)) are most easi-
ly calculated when transformed from the laboratory
frame with e,||B to the local director’s coordinate system
3', where the z' axis coincides with the local nematic

of the orientational part of the dipolar interaction of the  director. Following the standard procedure [32], one
two spins, finds
|
(Fo(0)FF(2)) =36 sin*tp sin?6 cos®(0){ F(0)F*(2)) ,
(F(0)FF (1)) =[cos*y cos?0+sin®(¢)(2 cos?— 1) 2 ]{ F1(0)F* (1)) , 4)

(F,(0)F3(2)) =4 sin(0)(cos*y+sin?y cos0){ F{(0)F * (1)) .

¥ and 6 (and ¢, which does not enter the above expres-
sions directly) are the parameters of Euler rotation,
which transforms the laboratory coordinate system = to
the reference frame 3’. If only the lowest terms of the

f

fluctuating director field are retained and the uniaxial
symmetry of the nematic phase is taken into account,

(F10)F*(£)) =S%(8n(0)-6n(1)) , (5)
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where S is the usual scalar orientational order parameter
and 6n is the fluctuating component of the director in
coordinate system 2’.

Since both the director field and ( F;(0)F*(¢)) are
generally nonuniform, the autocorrelation functions [Eq.
(4)] are spatially dependent. But the diffusion of nematic
molecules in the capillary is much faster than the relaxa-
tion of longitudinal magnetization. The time required for
a molecule to diffuse across the capillary is 7~R?/D,
where R is the radius of the capillary and D is the
diffusion coefficient. The radii of cylindrical cavities in
Anopore and Nuclepore membranes are of the order 100
nm and a typical value of D for nematic liquid crystals is
5% 107" m?s™; therefore, 7~2X10"* s. In the kHz
range, where order director fluctuations are important,
the proton spin-lattice relaxation time is of the order
1072 s [3]. Since T, >>, the relaxation rate [Eq. (1)] can
be spatially averaged,

711—_>Til=inTildV. (6)
Using Egs. (2), (4), and (5) and assuming that the order
parameter is spatially uniform [S (r)=S],

J;(w>=g,,(a>szf_“w<an(m-an(t))e—"w’dt ) 7
where

gola)=36sin%Psin’g cos?8 ,

g (a)=cos* cos?6+sin®(1)(2 cos’—1)? , (8)

g,(a)=4sin%(0)(cos®p+sin*yP cos?0) .

gn(a) denotes the orientation-dependent

(F,(0)F¥(¢)), which is a function of a, the angle be-
tween the magnetic field, and the axis of the capillary
(Fig. 3).

In order to calculate the spectral density, the correla-
tion function {8n(0)-8n(z)) must be determined.

part of

A. Eigenmodes of order director fluctuations

Generally, the evolution of the nematic liquid-
crystalline system depends on both velocity and director
fields: the relaxation of the fluctuating director is accom-
panied by the hydrodynamic flow. This backflow
effectively reduces the apparent viscosity, i.e., speeds up
the relaxation [33]. Although it was recently shown that
in the vicinity of the surface the inclusion of the fluid ve-
locity has a more remarkable consequence than just
changing the viscosity [34], a useful and common
simplification of the problem is to neglect the coupling to
the hydrodynamic flow, which makes the calculation
much less involved.

Temporal dependence of the fluctuations is governed
by the generalized Landau-Khalatnikov relaxation law
[35], deduced from Leslie’s equations of nematodynamics
[36] upon assumption that there is no flow. In this case,
the rate of change of the director is proportional to the
molecular field [defined only within the Lagrange multi-
plier A(r,t)n(r,t)],

FIG. 3. Capillary with planar radial structure in the labora-
tory coordinate system, where the z axis is parallel to the mag-
netic field. The planar radial director configuration is indicated
by the bars.

Mg _ o _3(8f) _ A8f)
3t Padgn,)  on,

+An, , 9

where n,=n,(r,t) are the components of the nematic
director, 7 is an effective viscosity, and §f is the elastic
free energy density

8f=L{K;[Vn]P+Ky[n-VXn]?
+K33[nX(VXn)]?}, (10)

where n=n(r,?) (at usual NMR frequencies the magnetic
term —(xa/2uy)(n-B)*> can be omitted). Since the
nematic director is a unit vector, the function A(r,?) is
determined by the condition

on(r,t)
ot
The analysis is considerably simplified in the one-
constant approximation with K; =K,, =K 33 =K in this
case Eq. (9) is reduced to [36]
on(r,?)
ot

In(r,t) . (11)

=KVn(r,t)+Ar,t)n(r,t) . (12)

1. Cylindrical capillary

Due to thermal excitation, the nematic director fluctu-
ates around the average configuration described by

n,=e,. Assuming the amplitudes of the deflections are
small, the fluctuating director field is given by
n=n,+8n(r,t) with

Sn(r,t)=?(r,t)e‘p+.>4(r,t)ez . (13)

The amplitude of the planar fluctuations (parallel to the
unit vector e,) is denoted by #(r,?), while A(r,t) stands
for the amplitude of the axial fluctuations, where the
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deflection of the director is parallel to the axis of the
capillary.

According to Eq. (11), the radial component of the
right-hand side of Eq. (12) should vanish, giving
1 + 2 9P(r,¢)

Alr,t)=K
(r,7) 27 5

. (14)

In order to calculate the spectral density J,(w), both
planar and axial fluctuations have to be decomposed into
eigenmodes P(r,t) and A(r,t) with a simple temporal
dependence, which are the eigenfunctions of the relaxa-
tion equation (12). Inserting Egs. (13) and (14) into Eq.
(12) and keeping the linear terms only, one finds

2
P | L1 2 LT E
(15)
for the planar eigenmodes and
M _ @ 18 1 8 & 1
at ar?  rar rr3e* 32 r?
X A(r,t) (16)

for the axial ones. A more comprehensive theory [37]
gives the same result.

The relaxation law [Eq. (12)] is essentially a diffusion
equation. Its eigenfunctions are overdamped: P(r,t)
=P (r,0)exp(—t/7p), A(r,t)= A (r,0)exp(—t/7 ) [38].
As usual, the spatial parts of the eigenmodes are factor-
ized in R (r)®(@)Z(z). Separation of variables shows
that ®(¢) is an arbitrary linear combination of sinmg
and cosm¢@ (m is an integer); similarly, any linear com-
bination of sink;z and cosk;z serves well for Z(z). If
both Ansitze are inserted in Egs. (15) and (16) and if

——277—2—— and 7 4= 3 7 5T (17)
K (k2 +k2) K (k2 —— +k3)

TP=

where k,, and k, —— are the radial components of the

planar and axial fluctuation wave vectors, while k; is
their axial component, the final amplitude equations for
the radial parts of the planar and axial eigenmodes are
obtained:

2 2
r
and
3? 19 2 m2—1 _
a e R T Ry =o.
(19)

These are Bessel equations, so the radial parts of both
planar and axial eigenmodes are linear combinations of
Bessel and Neumann functions of the order m and

mi—1, respectively. The ratio of Bessel and Neumann
functions in either the planar or axial eigenmode and its
wave vector k, (or k ~—5—) are determined by the

boundary conditions. In the strong anchoring approach,
the orientation of molecules is fixed by the solid surface,
so the fluctuations should vanish there. Therefore,

R,(r=R)=R ——(r=R)=0, (20

where R is the radius of the capillary. On the other
hand, at the center of the capillary there is a line defect of
strength s=1 where the nematic phase melts. Although
the nematic order decreases gradually [39], not abruptly,
one could describe the influence of the defect by a
nematic-isotropic interface with an appropriate anchor-
ing energy. However, the stability of the planar radial
structure strongly depends on the type of anchoring at
the defect as well [26]. In order to assure the existence of
the structure at radii that correspond to capillaries of
Anopore membranes, strong homeotropic anchoring at
this interface—a rather artificial model—is assumed:

Rm(r—‘:ro):R‘/;fl(r:ro):O s (21)

where 7, is the radius of the defect.

In a more complete treatment of anchoring, of the fluc-
tuations the saddle-splay and splay-bend terms of the
elastic free energy density (—K,,V-:[n(V-n)+n
X(VXn)] and K;V+:[n(V-n)], respectively) and the sur-
face free energy —probably of the Rapini-Papoular form
[40]—should be included. The defect’s influence would
be most properly taken into account by introducing a
spatially modulated elastic constant, based on the order
parameter profile [39], or even by a tensorial description.
Still, we believe that our simple model already includes
the basic physics of the fluctuations’ dynamics, reducing
the mathematical complexity.

Due to the boundary conditions, the spectrum of the
radial components of the fluctuations’ wave vectors k,,
and k‘/m is discrete. An additional index / must be

introduced to tag the wave vectors of the same order that
give different number of zeros in the interval [ry,R].
However, if the capillary is long enough, there is no selec-
tion rule for the axial wave vectors k.

The amplitude equation of the radial parts of the fluc-
tuations’ eigenmodes must be solved numerically. Some
of them, corresponding to r,/R=0.05, are shown in Fig.
4.

It turns out that for ry/R <0.0424 there exist axial
modes, solutions of Eq. (16), that do not have fluctuating
character. The differential operator —V2?—1/r2 [the
right-hand side of Eq. (16) divided by —K] is not positive
definite. Its eigenvalues /KT, :k%/mL - + k2 need not
be positive. If 7o /R <0.0424, there is actually one nega-
tive ki/m p (more precisely, k,%o ), giving rise to a range

of negative values of /K7 ,. The eigenfunctions that
correspond to the negative eigenvalues of the operator
are exponentially increasing with time, not decaying as
the fluctuations’ eigenmodes. The critical value of the ra-
tio ro /R is in good agreement with the analytical result
e "=0.0432... [26]. The above indicates that in the
one-constant approximation, the planar radial structure
is stable only in rather small cylinders; if r,=>5 nm, the
critical radius R, of the capillary is approximately 116
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FIG. 4. Some of the radial parts of planar
(a) and axial (b) modes, labeled by the indices
k,.,l and k ‘/m—z_—l,l for a capillary with planar

radial structure and r,=0.05R. In both cases

0 02 04 06 08 1 0 02
r/R /R
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nm. If the anchoring at the defect were not strong, the
critical radius would be even smaller.
Once R,, and R, —5— are found, the fluctuating direc-

tor field can be expanded in terms of its eigenmodes. The
planar fluctuations

Pr,0)=73 3 p;(Q)P;(Q;r1,1) , (22)
o i

where @ is used as a shorthand for (m,l,k;). Functions

p;i(@) are the amplitudes of the four planar eigenmodes

P,(@Q;r,t) with the same radial part but with different

dependence on ¢ and z:

—t/7p (@)
P,(@;r,t)=R,,(k,, ;r) cosme cos(k;z)e o
. —t/7p (@)
P,(Q,r,t)=R,, (k,, ;r)sinm @ cos(k;z)e o
—t/7p (@) (23)
Py(@;1,t)=R,, (k,, ;r) cosm@sin(k;z)e 5,
—t/TP4((Q)

Py(@Q;r,t)=R,, (k, r)sinm@sin(k;z)e

If m=0, P,(@Q;r,t)=P,(Q;x,t)=0.
Similar series corresponds to the axial fluctuations:

Alr, )=, 3 a,(Q)A,(@Q;r,1) , (24)
Q i

where a;(@) and A4;(@;r,t) are just the axial counterparts

of p;(@) and P;(Q;1,t).

2. Rectangular model cavities

The mathematical description of order director fluc-
tuations’ eigenmodes [say, X (r,?) and Y (r,t)] in uniform
liquid crystal is much less complicated. In this case,
A(r,t)=0 and, as noted by de Gennes [29,36], they turn

out to be
X(r,1) cosk, x cosk,y
Y(rt) |~ sink, x X sink,y
cosk,z
sink,z | Xexp(—t/7), 25)

where 7=n/K (k}+k}+k}). The allowed wave vectors
are determined by strong anchoring at the boundaries of
the three rectangular model cavities, whereas in bulk
nematic none of the three mutually perpendicular wave
vectors k,, k,, and k, is subjected to selection rules.

B. Frequency dependence of J}, (o)

In order to calculate the spectral density J,(w), the
average square amplitude of the fluctuations’ eigenmodes

the y axis units are arbitrary.

must be determined. In the one elastic constant approxi-
mation, the elastic energy is given by
8F=§f[(v-n)2+(VXn)2]dV. 26)
Now OF can be expanded in terms of &n: zeroth order
terms correspond to the equilibrium free energy, first or-
der terms vanish upon integration because the equilibri-
um structure is an extreme of the free energy, and second

order terms represent the order director fluctuations’
elastic free energy.

1. Cylindrical capillary

For the cylindrical capillary with planar radial struc-
ture,

2 2 2
_K 7 S W 7 id P
8F_2f[ or +r2 g oz
2
L2]epaa_apaal, [aa
r | dp 0oz 9z d¢ or
2484 A, 1 [aa ]
¥ ar r2 r2 a(p
2
+ A av , (27)
oz

where P=%(r,t) and A =A(r,t). Note that if all second
order terms of 8F are to be collected, the fluctuation
director must also be expanded up to second order
dn=(—1P*—1A%PA).

Next, the planar and axial fluctuations’ expansions,
Egs. (22) and (24), are introduced into Eq. (27) and the in-
tegration over the volume of the nematic phase is per-
formed. Evaluation of integrals over ¢€&€[0,27] and
z€[—L/2,L /2] is straightforward; it is assumed that
terms of the form in Eq. (27)

< [pH@)+p3(Q)—p3Q)—pi(Q), Jsink,L , (28)
corresponding to the two mixed terms, cancel upon sum-
mation over @. The amplitudes p,;(@) vary only smooth-
ly with @, while the phase sink;L oscillates. Besides, the
thermal averages of p(@) turn out to be equal, so that
the thermal average of the sum in the brackets—which
actually has to be calculated —vanishes anyway.

Equation (27) is thus expressed as
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L S (b3 +p3+pi+p} ey + RV, ) o Re TRtk and Ry
’ ’ =R (k r); primes denote d/9r.
Q Vml—1"Vmi1,1"
+[a?+a3+a%+a?) According to the equipartition theorem, the average
X[y 1+ (k3RS 1) (29) square amplitude of a planar fluctuation mode is
m,l m,l

where p; =p;(@) and a;=a,(Q) and X

. . (PH@)= R (31)
a,, ,=f (R, )r +m—R,i dr , TKL [y, +(k3R) By, 1]
, "o ,

R
Bm,z=#f, rRydr , where i=1234 and m>0. For m=0,
° 30) (p1@))=(p3(@Q)) is just twice as large, while
R , ) , (p3(@))={p3(@Q))=0. But since the spectral density
Vmi= f "o (R Vimi—1 )’r —2R \/7,,2—_'1R Vmioi only depends on the sum of the contrlbutlons of the four
P;’s—which equals 8kT /nKL[a,, ;+(k3R)*B,, ] for all
m —no distinction between the cases m=0 and m>0
will be made.
Now the spectral density of the autocorrelation func-
5, 1=L f R.R %/ ——dr tions Eq. (7) can be evaluated. Introducing Eq. (22) in
' R?Yr m--1 Eq. (7) gives terms of the form

2__
+m —1

R‘/zldr,

—t/7p (@)

0 T A s —A t .
T )=g,(@)S?3 3 [ “ (pA@)IPH@r)e ' e 'dr, 32)
Q i -

where J—h}5 (w) is the contribution of the planar fluctuations to the total spectral density. Integrating over time and
averaging over the capillary yields

TPA(@)

S2 — e (p? —_—— 33
@) =g,(e) 227, /R)2]<p ((Q))l+w2ﬁ,i(@) 33

The four terms corresponding to P;(@;r), P,(@;r), P;(@;r), and P,(@;r) turn out to be equal. Using Eq. (31), the pla-
nar fluctuations’ spectral density becomes

4kTS*nR* Bom,1 (K 1R+ (k3R)?
Tlw)= —4TSIR?_ ' ’ ,
W)= ko2 py +(ksRVB,,, [(ky R+ (k3R + Q2

(34)

Since there is no selection rule for axial components of the fluctuations’ wave vectors, the triple sum (over m,/ and
k;) can be integrated over k;. The capillary is assumed to be very long, so the lower limit of the integral is set to O.
The upper limit is determined by the size of the molecule: the wavelength of the axial modulation of an eigenmode
must be larger than, say, 4d (where d is the thickness of the molecule). Therefore, k; <7/2d =A/R. Finally,

—r 2kTS*R
Jilw)= 21— 2)K2gh a)
B
i @2 —2aBK’+ Bkt + B2
172 172
X ﬁ‘ (Bk?—a)arctan ﬁ—l A
a a
2 __ .4 2 a2 31 v .2 A ~__ 2
41 |ak=Br*+pA+(a—p)C | V2A—V'C —« +arctan VA+VC —k
2vV2C V'C+«? V' C +x? V' C +x?

22 _ 2__ 22 03 2
L YV C—ra—2k BC)ln\ r+aave——c||| 35)

2 A2+ AV2V C —K2+C
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with k=k,, ;R and C=Vk*+Q2 Indices m and [ in
a,; and B, ; were omitted for clarity. The density of
states in the reciprocal space of wave vector k3, L /27 is
taken into account. The sum should include all the fluc-
tuations’ modes for which the smallest distance between
the adjacent zeros of the radial parts of the eigenfunc-
tions is larger than two molecular lengths. As expected,
the spectral density does not depend on the length of the
capillary. A similar expression is found for the axial fiuc-
tuations’ contributions to the spectral density.

2. Rectangular model cavities

In the case of uniform nematic liquid crystals in rect-
angular model cavities, the analysis is analogous. The
spectral density J,(w) for the uniform nematic liquid
crystal is [7]

Tilw)= i"ﬂ’l )3

7 (36)

4+m2n2/1<2 ’
which, if the denominator and the numerator are multi-
plied by R4, becomes
8kTS*yR*
J(o)=2KIS Ry — L 37
g VK 2 +92 47
where V is the volume of the sample, A is the angle be-
tween the director and the magnetic field, and g is the
length of the wave vector of the bulk fluctuations’ eigen-

modes, corresponding to \/ k ,+k2 and
\/ kV ot 1+k3 The difference between the above ex-

pression and Eq. (34) is due to different average square
amplitudes of an eigenmode in the uniform and planar ra-
dial conﬁgurations The former is just kT /Kq?V [7]
(which is proportional to the decay time of an eigenmode
7=n/Kq?) and the latter is given by Eq (31). The
characteristic factor 1/[(gR)*+ Q2] appears in both spec-
tral densities. Again, the summation over wave vectors
that are not subjected to selection rules can be replaced
by an integral.

C. Angular dependence of J, (@)

In the next step, the orientation-dependent parts of the
correlation functions { F,(0)F}(¢)) are calculated. If the
axis of the capillary is put in plane yz of the laboratory

reference frame 2, the director field is described by
n=/(cos¢,cosa sing, —sina sing) , (38)

where «a is the angle between the capillary’s axis and the
magnetic field, which coincides with the z axis (Fig. 3).
The angular dependences of the correlation functions are
given by Eqgs. (8). Angle 6—one of the parameters of the
Euler rotation from = to 2'—depends on azimuthal an-
gle ¢, which parametrizes the rotation as well. Angular
averaging in Egs. (8) is therefore reduced to ¢ [although
it enters Egs. (8) only indirectly, through 6] and ¢. In
the latter case, uniaxial symmetry of the nematic phase is
reflected through invariance of the orientation of axes x'
and y’ in the laboratory coordinate system.

To evaluate Egs. (8) in terms of a, it is sufficient to
compute cosf as a function of ¢. Taking the dot product
of n [Eq. (38)] and the unit vector parallel to the z axis
yields cos@= —sinasing. Assuming the molecular
diffusion in the capillary is fast enough, the averaging
over YE€[0,27] and ¢E[0,27] in Egs. (8) can be per-
formed, giving

go(a)=-}(1+2cosza—3 cos*a) ,
g(a)=1(2—3cos’a+3cos’a) , (39)
g2(a)=1(5+6cos’a—3 cos*a) .

The resultant angular dependences of the spectral densi-
ties are presented in Fig. 5. [The function gy(a) is not
important in the order director fluctuations’ 77!, but we
cite it because it enters the spin-lattice relaxation rate in
the rotating frame and the spin-spin relaxation rate
T5'.] It is instructive to compare the capillary’s g;s
with their uniform counterparts [7] [Fig. 5(b)]:

go(A)=18(cos’A—cos*A) ,
g,(A)=1(1—3cos’A+4cos*A) , (40)
g,(A)=2(1—cos*A) ,

where A denotes the angle between the nematic director
and the magnetic field. Note that g,(a=0)
=g, (A=m/2) as it should be, because in these cases both
director fields are perpendicular to the magnetic field.

FIG. 5. Angular dependence of the spectral
densities in planar radial structure (a) and uni-
form nematic structure (b). The functions g,
depend on the angle between the axis of the
capillary and the magnetic field and the angle
between the uniform director and the magnetic
field, respectively. Note that g,(a) and g,(a)
are more moderate than their uniform counter-

2 parts g,(A) and g,(A).
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III. RESULTS

A. Cylindrical capillaries

The frequency dependence of the planar fluctuation
spectral density in the capillary with planar radial struc-
ture is given by Eq. (35). Let us first examine its asymp-
totic behavior. In the limit of low frequencies
(w <<mR?/K) the spectral density (and, therefore, the re-
laxation rate) is finite and frequency independent, while
at high frequencies (o >>nx2/K, where x is the length of
the nematic molecule)

o w)a— . @)
w

Both limits coincide with earlier models [7-12] and ex-
perimental data [7,14,41] as well.

In Fig. 6, the spin-lattice relaxation rate of the nematic
in capillaries with R=20, 60, 100, 110, and 115 nm is
shown. The capillary with R=100 nm corresponds to
cylindrical cavities in Anopore membranes which, filled
with nematic liquid crystals, were extensively studied us-
ing various experimental techniques [22,23,42,43], and
the radius of the largest capillary is just below the critical
radius where the structural transition should occur. The
radius of the defect is taken equal to 5 nm and the
minimal allowed wavelength of R,, and R VI is set to

4 molecular lengths ( ~8 nm), while for the axial modula-
tion it is five times smaller—if it is assumed that the
thickness of the molecule equals one fifth of its length.
The values of other parameters are 7=293 K, S=0.4,
5=0.2 nm, K=10"!! N, and 7=0.01 Nsm~2 The
capillaries are parallel to the magnetic field.

In capillaries with R < 100 nm the dispersion of the re-
laxation rate can be divided into three regimes. At low
frequencies, T; ! is constant, as was already inferred
directly from Eq. (35). The lower critical frequency,
which separates the low-frequency regime and the bulk
v~ 172 dependence, is determined by the size of the capil-

j=115 nm
an

10 | contribution
of axial modes —¥ N\
1k withm=1=0 N

n
10’ 10°
v[Hz]

10° 10° 10° 10"
v [Hz]

FIG. 6. Frequency dependence of the relaxation rate 77! in
capillaries with R=20, 60, 100, 110, and 115 nm, parallel to the
magnetic field. The parameters used in the calculation are
T=293 K, $S=0.4, K=10"'"' N, =0.01 Nsm™2, »=0.2 nm,
ro=35 nm; the length of the molecules is taken to be 2 nm. At
larger radii, the low-frequency behavior is almost entirely due to
the slowest axial modes, corresponding to m =/=0 (inset).

lary; it decreases with increasing capillary diameter. In
the MHz range, the relaxation rate in the larger capil-
laries (R=60,100,110,115 nm) obeys the bulk law. At
high frequencies all curves match.

In the vicinity of the structural transition (R=110 and
115 nm), the low-frequency behavior is modified. Again,
T '(v—0) does not depend on frequency, but it is con-
siderably increased with respect to the 100 nm capillary.
In addition, the low-frequency plateau and the bulk v~ !/2
law are separated by a transient regime. Just below the
structural transition (R=115 nm) the transient regime is
characterized by a v~ 2 dependence. This indicates that
the relaxation rate is dominated by a single mode: fre-
quency dependence of a single mode’s contribution to the
spectral density [Eq. (33)] is given by

r
T 42)
1+ 0?7
where T=7Pi((Q) or T Ai(@)' The dominating mode is ob-
viously the one with the largest average square ampli-
tude. There are two such modes: A4,((m =0,l=0,k;
=0);r,t) and 4;((m =0,/ =0,k;=0);r,¢). (For R>116
nm, these two are responsible for the transition to the es-
caped structure.) Their average square amplitude is (for

ro/R=5 nm/115 nm=0.0435, vy,,=7.509X 1073
L=60 um as in Anopore membranes)
4kT —
2 — (2 - - 3
0,0,0))= ,0, = =1.14X107",
(al( )) (03(000)> 7TKL’)/0’0
(43)

which indicates that the deflections from the equilibrium
director are still rather small. However, the average
square amplitude [Eq. (31)] and the relaxation time [Eq.
(17)] of a mode do not change much if k; is finite but
small. Therefore, the low-frequency behavior in the vi-
cinity of the structural transition, should be attributed to
all axial modes with m =/=0. Indeed, as shown in the
inset of Fig. 6, these account for the greater part of the
low-frequency relaxation rate (more precisely, 98.8%).
For the above set of material and geometrical parame-
ters, above ~1 MHz the relaxation rate obeys the Pincus
dispersion and for v>10 GHz, T ! «v ™2,

Apparently, the three regimes exhibited by the nematic
order director fluctuations in a capillary with R <100 nm
are generally the same as in bulk nematic. The high-
frequency v~ 2 dependence corresponds to the absence of
fluctuation modes with very short wavelengths that is due
to the finite size of the nematic molecule and, therefore, is
geometry independent. The low-frequency plateau is
caused by the lack of the ultralong wavelength fluctua-
tions. In case of microconfined systems, their wavelength
must be smaller than the size of the cavity, while in bulk
nematic liquid crystal they are determined by the dimen-
sion of a uniformly oriented domain. In what way do the
shape of the confining cavity and the nematic structure
affect the order director fluctuations’ nuclear spin relaxa-
tion if the size of the cavity is far from the critical? In or-
der to answer this intriguing question, the results are
compared to the relaxation rate of uniformly oriented
nematic liquid crystals in the three model cavities.
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B. Rectangular model cavities

The rectangular model cavity relaxation rates are
presented in Fig. 7. The characteristic size X of the rect-
angular cavities (i.e., the side of the cube, the side of the
waveguide’s cross section, and the thickness of the
sandwich) matches the radius of the capillary. The model
cavities are oriented so that the director fields are perpen-
dicular to the magnetic field. Again, two sets of disper-
sion relations are shown, one for X=20 nm and one for
X=100 nm. The material constants and the temperature
are the same as in Fig. 6. The relaxation rates of 20 and
100 nm capillaries are replotted to facilitate the compar-
ison.

In all three cases, not depending on the dimensionality
of the confinement, the relaxation rate exhibits basically
the same behavior: plateau at low frequencies, classical
bulk v~ 172 dependence in the MHz range, and the v~ 2 re-
gime at high frequencies. The dispersion relations of the
whole set differ at low frequencies only, where 77! is
largest in the layer and smallest in the cube. The relaxa-
tion rate of the larger capillary is somewhat larger than
that of the thicker layer, while T[! of capillary with
R =20 nm is smaller than the relaxation rate of cube with

X=20 nm. The curves eventually merge in the MHz
range.

Comparison of the two sets shows that the onset of the
low-frequency plateau depends on the characteristic size
of the cavity. The larger than size, the lower the onset of
the plateau.

C. Confinement and orientational dependence of 7';

So far, we have studied only the effect of confinement
on the frequency dependence of the relaxation rate. For
the particular orientation of the capillary (parallel to the
magnetic field) it is possible to compare the capillary’s re-
laxation rate to the Tl”l, corresponding to uniformly
aligned nematic liquid crystal in rectangular model cavi-
ties, perpendicular to B. It is, however, interesting to ex-

T;'[s" ' ' ' '

Vs 10° & =100 nm — capillary 1
¢ --.- layer

......... —— waveguide
1 = — - cube 1
10° i
10° | 1

10° 10° 10° 10"

v [Hz]

FIG. 7. Frequency dependence of Ti' in the rectangular
model systems with characteristic size 20 and 100 nm. Other
parameters are the same as in Fig. 6. Uniform nematic struc-
tures in the three model cavities are perpendicular to the mag-
netic field. The relaxation rates in the capillaries with R=20
and 100 nm are replotted to facilitate the comparison.

amine the orientational dependence of the relaxation rate
in a confined sample as well.

In Fig. 8 the ratio of T7 !(A)/T;'(0) for a layer with
a thickness of 2 um is shown as a function of frequency
and the angle between the normal of the layer and the
magnetic field. (The material constants and the tempera-
ture are the same as before.) The ratio clearly exhibits
steplike behavior, corresponding to the three regimes. At
low frequencies the relaxation rate increases by a factor
of 2.5 as A goes from 0 to 7/2. When the same rotation
is performed at intermediate frequencies (in the range of
the classical v~ /2 law), T{ ! is approximately doubled.
Finally, at high frequencies the relaxation rate shows
nonmonotonous dependence on A. The high-frequency
behavior is related to the finite size of the nematic mole-
cules, but the low-frequency behavior is entirely due to
the confinement. If the thickness of the layer is in-
creased, the lower critical frequency decreases; in a
monodomain uniform bulk sample it should approach 0.

In case of a cylindrical cavity with planar radial nemat-
ic structure, the relaxation rate’s dependence on the angle
between the axis of the capillary and the magnetic field
turns out to be qualitatively similar (i.e., steplike) but, un-
less R ~R,, less pronounced. This is not surprising,
since functions g,(a) and g,(a) [Egs. (39)] are more
moderate than their counterparts corresponding to uni-
form structure.

Thus, the typical sizes of the confining cavity and the
nematic molecule can be estimated using the dispersion
relation T[ '(v) at fixed orientation of the sample with
respect to the magnetic field. On the other hand, mea-
surements of the orientational dependence of T{ ! at fixed
frequency could serve as a method of identification of the
liquid crystalline structures—an alternative and a com-
plement to the widely used NMR, where the absorption
spectrum is closely related to the nematic configuration.

IV. DISCUSSION

The calculated dispersion curves for the relaxation
rates T fl of a nematic in the cylindrical cavity, cube,
waveguide, and sandwich are similar, in particular the
three that belong to the rectangular geometries. The

7' (A)
T;' (0)

FIG. 8. T{'(A)/T7Y0) for the layer with thickness 2 um as
a function of frequency and angle between the normal of the
layer and the magnetic field. The low-frequency behavior is
characteristic of the confined samples.
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effect of the confinement is rather small. A nematic re-
stricted to a cube is, no doubt, a physical system substan-
tially different from those in an infinite waveguide and an
infinite sandwich. But when the order director fluctua-
tions are considered, they share a fundamental feature as
shown below.

Knowing that the low-frequency plateau is caused by
the lack of long wavelength fluctuations, it is reasonable
to examine the fluctuations’ spectra in the three
geometries. Each eigenmode’s wave vector is decom-
posed into three orthogonal components, one longitudi-
nal and two transverse with respect to the director. Ac-
cording to the boundary conditions, in the sandwich
there exists a selection rule for the perpendicular com-
ponent k, of the eigenmode’s wave vector; the two in-
plane components k, and k, are free from boundary con-
ditions. Therefore, the spectrum of the bound com-
ponent of the fluctuation mode is discrete k,=nw/2X
(where n is an integer and X the thickness of the layer),
while the other two components can be varied continu-
ously. Now, k, cannot be 0, since the eigenmode in this
case vanishes. So there is a lower limit of the perpendicu-
lar component of the fluctuation’s mode wave vector.
Since g>=k2+k?+k2, the smallest g corresponds to the
smallest k, and k, =k,=0. Therefore, the overall spec-
trum is limited both downward and upward (the upper
limit is defined by the size of the molecule, which deter-
mines the minimum scale of validity of the continuum
model).

A similar argument applies in the case of a waveguide-
like cavity with two discrete and one continuous com-
ponent of the eigenmodes’ wave vectors. The lower limit
of the spectrum is g, =V k2 min +kﬁmin , where k, and
k, are the bound components of the wave vectors. When
the nematic cube is considered, ¢q;, equals

V k2 min + k2 min + k2 in - Thus, if the nematic liquid
crystal is confined to a cavity, there always exists a lower
limit of the fluctuation spectrum, no matter how many
spatial dimensions are restricted. Generally, the relaxa-
tion rate does not depend on whether or not the spectrum
itself is continuous, which can also be inferred from Fig.
7. Its cutoff frequencies, which separate the three re-
gimes, merely reflect the typical macroscopic and micro-
scopic sizes of the sample.

The above discussion suggests that the ratio of lower
limits of the fluctuation spectra in the cube, the
waveguide, and the layer with the same characteristic
size should equal V/3:V/2:1 if the thickness of the nematic
molecule is taken to be equal to its length. On the other
hand, if the ratio of the characteristic sizes of the three
model systems is V' 3:V/2:1, the lower limits of the spectra
are equal. In this case, the dispersion relations are even
closer (Fig. 9). At low frequencies, the relaxation rate in
the waveguide is about 10% larger than in the cube and
approximately 10% smaller than in the layer. Again, the
curves merge in the MHz range.

Finally, a remark must be made on the integration
volume belonging to the allowed fluctuation modes. As
already mentioned, the eigenmode’s wave vector is
decomposed into three mutually perpendicular
components—say, k,, ky, and k, —that are subjected to

Tl-l[s-li' E T T T 3
[ ... layer (X=100 nm) )
T —— waveguide (X =141 nm) ]
. — ~ cube (X=173 nm)
10"
1 1 1
10° 10° 10°

v [Hz]

FIG. 9. Dispersion in rectangular model systems with equal
lower limits of the fluctuation spectra. The side of the cube
equals 173 nm, the side of the cross section of the waveguide
141 nm, and the thickness of the layer 100 nm.

selection rules, if the liquid crystal is restricted in the cor-
responding directions x, y, and z. In the case of the
nematic cube, for instance, k, =nw/2d, n =1,...,n,,,
where n_ ., ~X /x (X is the side of the cube); similar rela-
tions determine the ranges of k, and k,. So, if the sum-
mation over discrete values of k,, ky, and k, is to be re-
placed by an integral, the integration volume
should be blocklike: [k, minsKx max] X [Ky mins Ky, max]
X[k, mins Kz, max - More precisely, the integration volume
is tetragonal because of uniaxial symmetry of the nematic
phase. In the same manner, one finds that the integration
volumes corresponding to the fluctuation modes in the
waveguide and sandwich simply retain the shape of the
confining cavity.

So far, the integration volume in the reciprocal space
has usually been a sphere [6,7], a cylinder [9,10], or a ro-
tational ellipsoid [11]. In these cases the spectral density
can be expressed analytically. In Fig. 10 the relaxation
rates calculated by spherical approximation with both
short- and long-wavelength cutoffs (where the integration
volume is essentially a coreless sphere) and by discrete
summation over the eigenmodes of a cube are compared

s [ T T T
1 A
10° ) \ .
- - spherical approximation
109 F — exact calculation
10° 4
10° 10° 10° 10
v [Hz]

FIG. 10. Comparison of the relaxation rates, calculated by
spherical approximation and by discrete summation over fluc-
tuation eigenmodes in the cube. The spherical approximation
gives somewhat larger relaxation rates at low frequencies and a
bit smaller values at high frequencies.
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for X=200 nm and the same minimal and maximal fluc-
tuations’ wavelengths. Generally, the two dispersion
curves are similar, yet they differ slightly: at low frequen-
cies, the spherical approximation gives a somewhat
higher relaxation rate, while at high frequencies it pre-
dicts a bit smaller T'{!. In our opinion, by adjusting the
short- and long-wavelength cutoffs of the spherical ap-
proximation, the relaxation rate computed in this simple
way can be brought quite close to the exact calculation.
It is, therefore, reasonable to replace the cubelike fluctua-
tion spectrum with the coreless sphere (or, if the elongat-
ed shape of the nematic molecules is taken into account,
the tetragonal one with the coreless rotational ellipsoid).

V. CONCLUSIONS

The order director fluctuations of a nematic liquid
crystal confined to a cylindrical capillary with planar ra-
dial structure and rectangular model cavities, confined in
three, two, and one spatial dimension, are studied within
Frank elastic theory. The confining geometries, some
rather unnatural, allow transparent analysis of the
influence of confinement on the fluctuations’ spin-lattice
relaxation rates. The dispersion relation T;'=T1"'(v)
is obtained numerically for each of the nematic systems.

The main result of the study is the proof that at low
frequencies the order direction fluctuations’ spin-lattice
relaxation rates are frequency independent, no matter
how many dimensions of a confined nematic liquid crys-
tal are restricted. In the MHz range the relaxation rate
obeys Pincus’s v~ !/2 law and at high frequencies
Ti «y™2

The effects of the shape of the cavity and the imposed

structure on the dispersion relation are rather limited.
The onset of the low-frequency plateau is generally deter-
mined by the size of the confining cavity. However, in
the vicinity of a structural transition, if it is allowed in
the particular geometry, Tfl (v < 10° Hz) is considerably
increased and the low-frequency behavior is strongly
dominated by the slowest modes. In real systems such a
transition can be induced, for instance, by changing the
temperature, since the elastic constants are temperature-
dependent. The angular dependence of the relaxation
rate is characteristic for the nematic configuration.

Recently [44], spin-lattice relaxation rate measure-
ments were performed on SCB in untreated anopore
membrane, where the molecules were oriented along the
symmetry axis of the capillaries. The experiment, carried
out on a powerful field-cycling spectrometer with a broad
frequency range [41], did not reveal any significant
difference between bulk and confined samples, which is
consistent with our conclusions. Further measurements
with treated membranes, where the planar polar director
configuration is expected [Fig. 1(b)], are planned [45].
However, preliminary calculations concerning the order
director fluctuations in the planar polar configuration in-
dicate substantial mathematical complexity of the prob-
lem.
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